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Abstract

Many interesting properties of Boolean networks, cel-
lular automata, and other models of complex systems
rely heavily on the use of synchronous updating of
the individual elements. This has motivated some
researchers to claim that, if the natural systems be-
ing modelled lack any clear evidence of synchronously
driven elements, then asynchronous rules should be
used by default. Given that standard asynchronous
updating precludes the possibility of strictly cyclic at-
tractors, does this mean that asynchronous Boolean
networks, cellular automata, etc., are inherently bad
choices at the time of modelling rhythmic phenom-
ena? In this paper we focus on this subsidiary issue for
the case of Asynchronous Random Boolean Networks
(ARBNSs). We find that it is rather simple to define
measures of pseudo-periodicity by using correlations
between states and sufficiently relaxed statistical con-
straints. These measures can be used to guide an evo-
lutionary search process to find appropriate examples.
Success in this search for a number of cases, and sub-
sequent statistical studies lead to the conclusion that
ARBNs can indeed be used as models of coordinated
rhythmic phenomena, which may be stronger precisely
because of their built-in asynchrony. The methodol-
ogy is flexible, and allows for more demanding sta-
tistical conditions for defining pseudo-periodicity, and
constraining the evolutionary search.

Introduction

Cellular automata, coupled-map lattices, Boolean net-
works, and a number of variants of these classes have
been the centre of copious research effort. The aims
of this research have been mainly focused on two dis-
tinct directions: a piece of work will, in general, study
these entities in themselves, as classes presenting in-
teresting properties from a formal viewpoint, and also
possibly from a practical one, or it will use some ver-
sion of these entities as a modelling tool applied to a
scientific end. One may be interested in the proper-
ties of cellular automata per se as a universal class, or
one may use cellular automata to model some biologi-
cal phenomenon such as morphogenesis. We hurry to

stress that there is much overlap and cross-fertilization
between these two directions, but that the distinction
holds nonetheless.

Significant contributions from the first route to the
second sometimes occur when the limitations of a class
of formal entities are exposed. Modellers can assimi-
late this knowledge, and choose their modelling tools
and techniques accordingly. In recent years, much ev-
idence has been gathered suggesting that many of the
initially interesting features of the above mentioned
classes for modelling complex systems have depended
crucially on the use of a synchronous rule for updating
the atomic elements. In contrast, the implementation
of asynchronous updating rules has tended to produce
trivial, rather than complex, behaviour.

In this paper we will be concerned with a subsidiary
aspect of one such demonstration of the effects of asyn-
chrony, (Harvey & Bossomaier, 1997). However, the
scope of our worries is more general and the results pre-
sented here could be applied more widely. As will be
described below, Harvey and Bossomaier (1997) show
that asynchronous updating introduces radical changes
in the long term behaviour of random Boolean net-
works. In the asynchronous case, the typical number of
different attractors per network is smaller than in the
synchronous case, and these seem to be mainly of the
fixed point type, suggesting much larger basins of at-
traction. As a further difference, the expected number
of point attractors will not depend on the size of the
networks. These findings cast doubts on some inter-
pretation made when using random Boolean networks
to model genetic regulatory networks, (e.g., Kauffman,
1969, 1993). In passing, the authors draw the correct
conclusion that it is not possible for such networks to
exhibit non-stationary cyclic long term behaviour due
to the randomness of the updating scheme.

A large number of biological systems produce
rhythms which arise from the complex interaction of
many elements, and are not due to the existence of
an external clock that orchestrates the behaviour of
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these basic constituents, (a variety of examples can
be found in Winfree, 1980). For instance, patterns
of global rhythmic activity have been observed in ant
nests, (Franks, Bryant, Griffiths, & Hemerik, 1990;
Cole, 1991b), while the behaviour of individual ants in
isolation is not rhythmic in itself (Cole, 1991a). This
phenomenon has been successfully modelled using con-
tinuous maps that interact asynchronously, (Sole, Mi-
ramontes, & Goodwin, 1993).

If, as has been rightly argued, asynchronous updat-
ing should be the modeller’s default choice, should we
conclude that the impossibility of exhibiting cyclic at-
tractors means that asynchronous Boolean networks
are inappropriate for modelling rhythmic phenomena
such as the above? This question has not been ad-
dressed explicitly by Harvey and Bossomaier (1997),
or by authors drawing similar conclusions for cellular
automata, (e.g., Ingerson & Buvel, 1984; Bersini &
Detours, 1994). It seems that the limitations of asyn-
chronously driven systems regarding cyclic behaviour
should prompt the modeller to discard them at an early
stage as good tools for studying rhythm in biological,
and other complex systems.

It will be shown that this would be a hasty con-
clusion, and that the long term behaviour of some
asynchronous random Boolean networks can be char-
acterized by marked rhythms. In order to do this, we
will provide a simple way of defining and measuring
pseudo-periodic behaviour, and use this measure to
guide an evolutionary algorithm in the search for cases
exhibiting this pseudo-periodicity.

Asynchrony as the default modelling
choice

The work by Nowak and May (1992) on spatial pat-
terns in a population of players of the Prisoner’s
Dilemma is by now almost a classic in the growing
literature on the role of artefacts in simulation mod-
els. The complex spatial patterns obtained in their
model, which suggest interesting implications regard-
ing the polymorphic conviviality of cooperators and
defectors, depend critically on the synchronous updat-
ing scheme they use. When asynchrony is introduced
no spatial pattern appears, and the much gloomier pic-
ture of global defection as the stable strategy results,
(Huberman & Glance, 1993)!. But this is not the only
example from which a similar lesson can be learned.
Abramson and Zanette (1998) show that asyn-

'In (May, Bonhoeffer, & Nowak, 1995) the original
choice of synchronous updating is defended by saying that
it may be appropriate for some biological situations. This
is, no doubt, true, although they fall short of justifying that
such is indeed the case for the situation they are modelling.
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chronous updating in globally coupled logistic maps
suppresses much of the complexity of the synchronous
case. The state of each site results from a sum of the
application of a logistic map to the previous state and
a global coupling term reflecting the mean activities of
all the other sites. In the case of synchronism, as the
strength of the coupling increases so does the complex-
ity of the global behaviour from partially ordered to
turbulent regimes. With asynchronous updating, com-
plexity decreases as the coupling between maps is made
stronger. Abramson and Zanette (1998) argue that
this is a significant difference, and concur with Rolf,
Bohr, and Jensen (1998) in that, unless one can ad-
vance sufficient reasons to the contrary, asynchronous
updating is “more physical”.

Analogous results have been reported for the case
of cellular automata, (e.g., Ingerson & Buvel, 1984;
Bersini & Detours, 1994), and Boolean networks (Har-
vey & Bossomaier, 1997). The latter authors suggest

‘that the assumption of synchrony is perhaps made

“most dangerous” when it is associated with the ide-
alisation that individual elements can be safely mod-
elled as having discrete states, (the “Boolean idealisa-
tion” as they call it). This is interesting, although the
above example of coupled maps (in which elements are
“non-Boolean”) suggest that the dangers may in fact
be more widespread.

The methodological lesson we can derive from these
and other cases is that, in the absence of knowledge
about specific time delays, orchestration by an exter-
nal clock should not be the default choice when mod-
elling complex systems of many interacting elements.
This is especially relevant to studies addressing phe-
nomena related to local or global synchronization, or
entrainment in such multicomponent systems.

Attractors in asynchronous random
Boolean networks

A Boolean network is an array of nodes, each of which
can have any one of two states (0 or 1). Each node is
connected to other nodes in the network. By comput-
ing a Boolean function of their states, a new state for
the node is determined. Random Boolean networks
form a class of networks in which the links between
nodes and the Boolean function are specified at ran-
dom. They are divided into subclasses depending of
the total number of nodes (/N), and the number of
links that influence each node (K), which is assumed
here to be the same for all nodes?.

Boolean networks have been used as models of dif-
ferent biological phenomena including morphogenesis,

2More general classes are obtained when K indicates the
average number of connections to each node.
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and immune response. The most well known use of
random Boolean Networks has been as models of ge-
netic regulation (Kauffiman, 1969, 1993). They have
also served to model idealised developmental processes,
(Dellaert & Beer, 1994). In the majority of cases, syn-
chronous methods have been used to update the net-
work.

Harvey and Bossomaier (1997) have studied asyn-
chronous random Boolean networks (ARBNs) by ex-
ploring the nature of their attractors using numeri-
cal experiments, and by presenting some general ar-
guments about what can be expected from ARBNs as
a class. In contrast with their synchronous cousins,
ARBNSs have a significant trend to evolve towards fixed
point attractors suggesting that these attractors have
much larger basins of attraction in the asynchronous
case, a finding in accordance with previous observa-
tions by Ingerson and Buvel (1984), and Bersini and
Detours (1994) on cellular automata (which in partic-
ular cases may be thought of as a special sub-class
of Boolean networks). The average number of point
attractors in an ARBN tends to be small when com-
pared with the synchronous case, and does not depend
on the size of the network. These observations would
invalidate, if asynchrony were to be used, Kauffman'’s
(1969, 1993) conclusions about the significance the sup-
posedly intrinsic order of genetic regulatory networks.
Kauffman has argued that different cell types in mul-
ticellular organisms correspond to different attractors
of the genetic regulatory network, and that the num-
ber of cell types is roughly related to the size of the
genome in the same way as the number of different at-
tractors in a Boolean network is related to its size N
for low K (roughly, v/N for K = 2), and, consequently,
possibly for the same reasons. A similar comparison is
made between the length of cell division cycles and the
typical length of attractors. But these analogies rely
critically on the applicability of synchronous updating
to the real case which remains to be justified.

In short, Harvey and Bossomaier (1997) contribute
to the methodological lesson drawn in the previous sec-
tion. Asynchronous updating should be the default
choice when Boolean networks are used as modelling
tools, unless there is sufficient justification for consid-
ering synchrony as characteristic of the phenomenon
being modelled.

Not all the attractors found in ARBNs are of the
fixed point type. Those that are not have been termed
“loose attractors”, which can be broadly defined as the
sub-set of states of the network with more than one ele-
ment such that, if a given state belongs to this sub-set,
then the state that follows after asynchronous updat-
ing will also belong to the sub-set. Cyclic attractors,
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like those found using synchronous updating, cannot
be found in ARBNs. The proof is simple for standard
random updating (random selection with replacement
of the node to be updated, i.e., each node is updated
at random with uniform probability independently of
previous updates). If we suppose that the network has
a cyclic attractor which is not a fixed point, then there
must be two consecutive states in this attractor differ-
ing in at least the state of one single node. Since a
time step is defined as N random node updates, there
is a non-zero probability that the node that should
have changed its state remains without being updated.
Therefore, the two consecutive states will not differ in
the state of this node as required. Notice that the
proof does not work for other forms of asynchronous
updating which guarantee that all nodes will be up-
dated after N single node updates3.

Autocorrelation and pseudo-periodicity

Using standard random updating (as will be used in
this paper), is it possible for these ‘loose’ attractors
to show marked rhythms? This question must be an-
swered on two fronts simultaneously. On the one hand,
one should specify what is meant by ‘rhythm’ in this
case, and, on the other, one should try to find a way
of using this criterion to search for cases that qualify.

Strictly speaking, the observation that ARBNs can-
not produce cyclic attractors is true but only of relative
significance for the researcher interested in rhythmic
behaviour, for instance, in biology. This is mainly be-
cause the definition of periodicity for deterministic sys-
tems does not conform well with the relaxation of the
assumption of an external driving clock. Effectively,
in order to say that cyclic attractors cannot be found
in ARBNs, one must take back the discarded external
clock, this time not as a driving, but as a measuring
device. This is achieved by using a system-independent
time scale for defining when a new state of the whole
network has occurred. We must therefore adopt a view
of rhythmic behaviour which focuses more on the oper-
ational relationships between the states of the system
— for instance, by noticing regularities in the order-
ing and/or statistical properties of patterns — and less
on the externally measured individual duration of the
states.

3As a simple counterexample, suppose that all nodes in
the network but one fixate on a given state, and will remain
unchanged independently of how the update is performed,
and suppose that the remaining node is connected to a
number of the other nodes, and to itself with a rule that
specifies that, whatever the value of the other nodes, its
own value must change. Since the updating scheme guar-
antees that the node will be updated, it will flip its value
every time step.
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[ Self | Self - 1 | Self + 1 ]| New Value |
0 0 0 0
0 0 1 0
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 1
1 1 1 1
Table 1: Update rules for hand-built example of

pseudo-periodic ARBN.

The real measure of rhythmic behaviour in this case
will be a measure of how patterns occurring at differ-
ent instants in the history of a system relate to one
another. For the case of ARBNs in particular it is
possible to devise a variety of simple measures based
on correlations between states occurring at different
points during the evolution.

In this paper, perhaps the simplest of these possi-
ble measures will be used because it will provide us
with the case most similar to deterministic periodic
behaviour. Other measures are imaginable, and the
methodology used to search for cases that rank high
under these measures is, in principle, equally applica-
ble. The chosen measure indicates the degree to which
a given state in an ARBN of N nodes approzimately
recurs after approrimately P x N single node updates.
Networks ranking high on the scale defined by this
measure will be called pseudo-periodic*. The mean-
ings of ‘approximately’ must be made clear in both
cases. We first define an order index j which is incre-
mented by one unit after N random updates to single
nodes, but we will not equate periodicity with strict
recurrence of states using this index. Instead, the cor-
relation between two states of the network will be used
to that end. The state at time j is denoted by S(j), a
vector whose components 8;(j) correspond to the state
of each node 7 in the network. The correlation between
the states at two different times j and j’ is:

1 N
CG,i') = 3 D_si ()G,

where 3 (j) is the linear scaling of s;(j) into [-1,1].
Highly correlated states will be taken to mean also
highly similar states from the point of view of the sys-

“This term should not be confused with “quasi-
periodicity” as used to refer to toroidal attractors with an
irrational ratio of frequencies in continuous deterministic
systems.
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Figure 1: Asynchronous evolution of hand-built ex-
ample. Initial condition: all nodes but one set to 0.
N = 32, K = 3, time increases from left to right; 1000
updates. Black corresponds to 1 and white to 0.

tem’s operation or its global significance. This is an
assumption that need not be true in general, as dis-
cussed in the last section. A more global measure of
the behaviour of the network is given by the correla-
tion function between a state and its k’th successor,
averaging over M successive states:

1 M
AC(K) = 37> Clirj + k),
j=1

with £ = 0,1, 2,.... For sufficiently large values of M
this function will give an idea of how well correlated,
on average, is any given state with a state occurring k
time steps afterwards. In this case, the function will be
called simply autocorrelation. Notice that a given net-
work may possess different autocorrelation functions
depending on how many attractors it has and how
much they differ in their statistical properties. A suf-
ficient condition for ensuring non-stationary pseudo-
periodic behaviour with pseudo-period P will be to
ask that at least one of the autocorrelation functions
has distinct peak values for &k close to P which means
high similarity between S(j) and S(j + P).

Let’s consider the following hand-designed example
for N > 3 and K = 3. Each node is connected to
the nodes which immediately precede and follow it as
indexed (with wrapping-up at the end), and to itself.
The Boolean functions are the same for all nodes® and
are shown in table 1. What these rules say is that if a
node is in state 0, then it must remain 0 unless there
is a 1 on the preceding node and a 0 in the following
node. If a node is in state 1, then it must remain
1 unless there is a 0 in the preceding node and a 1
in the following. With synchronous updating, these
rules and connectivity produce travelling waves with
period P = N. For the case of asynchronous updating
we find that the evolution of the network can also be
characterized by waves with a pseudo-period P = N.

Figure 1 shows an example of the asynchronous evo-
lution of this network, and figure 2 shows the corre-
sponding autocorrelation function averaged over 10000

5This example is a particular case of a homogeneous
Boolean network. In the general case, as in the rest of the
paper, Boolean functions differ from node to node.
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Figure 2: Autocorrelation corresponding to hand-built
example as averaged over 10000 consecutive states
and over 10 runs. N = 32, K = 3; peaks in k =
0,32,65,99,132.

consecutive states and over 10 runs. Rhythmic be-
haviour is apparent both by direct observation of the
evolution, and from the autocorrelation function. The
evolution of the network can be interpreted as a soli-
ton wave with varying width but having a distinctly
low variability in speed. The autocorrelation function
shows clear peaks near multiples of a pseudo-period of
P = N. It is important to notice that each succes-
sive peak is a bit lower than the previous one, showing
an effect of ‘memory decay’. This is mainly due to the
fact that a highly correlated state will recur after about
P time steps, and therefore actual recurrence becomes
more uncertain the further upstream one moves.

Evolving rhythms

Is the above example an unique case? This question
can be answered by devising a method for searching for
more examples. The idea is to use a target autocorre-
lation function and a search method that provides us
with networks which will approximate this target. We
have used a simple genetic algorithin as a search tool.
ARBNSs are described using a binary genotype which
encodes their connectivity and the rules governing how
each node is updated. Any network with parameters
N and K can be encoded in a genotype of length Gp:

G = N(K log, N' + 2%),

LU CILC dﬁ.’l‘“ﬁﬁi’k«f&"ltﬂ“ QOO AC{ T tNﬁ(ﬂ;{\'ﬂ\‘(

(b)

Figure 3: Asynchronous evolution of evolved ARBN
with N = 16, K = 2 and a target period P = 16, (see
also figure 4). 1000 consecutive states starting from
a random initial condition are shown in (a). These
can be compared with another 1000 consecutive states
occurring later in the same run, (b). The interval be-
tween the two figures is of 8000 steps.

where N' is the first power of 2 greater than or equal to
N. The factor in parentheses corresponds to the num-
ber of binary loci necessary to encode K connections
plus one Boolean function of K arguments. Other en-
codings are possible.

Individual networks are run for between 500 and
1000 time steps (each time step being equivalent to
N node updates), and for a number of trials (usually
between 4 and 10) starting from different random ini-
tial conditions. After each trial, the autocorrelation
AC(k) is calculated for k = 0,1,...,2N — 1 by averag-
ing for all the states in the run (except the last 2N).

The fitness of a network is calculated for each trial
as 1 — D, where D is the normalized distance between
the network’s autocorrelation, and the target autocor-
relation. Fitness scores are averaged over the trials,
and the value of one standard deviation is deducted to
benefit low variability between the trials. Point mu-
tation, uniform crossover, and a rank-based selection
scheme are used. The rate of mutation per loci is cho-
sen in accordance to the genotype length so as to have
a probability of no mutation in a given genotype of
about 80%. The size of the population is of 90 net-
works.

The choice of an adequate target autocorrelation
function is crucial for the success of the search. This
target need not correspond to any realisable network.
Instead, its definition has been guided by considera-
tions of evolvability. Our choice in all the cases pre-
sented here has been to define a target autocorrelation
using steps between the values of 0 and 1. States will
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Figure 4: Autocorrelation for an evolved network with
N =16, K = 2, and P = 16, as averaged over 10000
consecutive states. The dashed line shows the target
autocorrelation used in the fitness function.

be highly correlated around the chosen pseudo-period
P, so that a value of 1 is assigned to values of k in
[nP —e,nP + ¢}, with n = 0,1,2,.... For any other
value of k the autocorrelation is 0. The width of the
square peak 2e is carefully chosen so as to strike a bal-
ance between the number of values of AC(k) equal to
0 and those equal to 1. This balance is important in
order not to bias the search process, and not because
we can expect typical pseudo-periodic ARBNs to nec-
essarily exhibit such balance in their autocorrelation
functions.

So far, ARBNs have been successfully evolved for
N =16,32,64 and K = 2, 3,4 using target periods of
P = N/2,N,2N. A few trials with shorter target peri-
ods and larger /N have been attempted only with minor
success. The number of generations has oscillated be-
tween 1000 and 5000, often obtaining good results after
about 500 generations®.

Figures 3, 4, 5, and 6 correspond to an evolved net-
work with ¥ = 16, K = 2, and P = 16. Figure 3
shows the first and the last 1000 steps corresponding

5The search method implicitly selects networks with
rapid transients. Harvey and Bossomaier (1997) have ob-
served that standard asynchronous updating produces the
shortest transients, so we do not consider this to be a ma-
jor problem. However, simple modifications to the search
algorithm could avoid this if necessary.

Average Power Specium
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Frequency (1/update)

Figure 5: Power spectrum for evolved network corre-
sponding to figures 3 and 4, as averaged over variations
in the state of individual nodes. The frequency corre-
sponding to the target period is shown with a vertical
dashed line.

to a 10000-step run. Although some nodes are frozen
most of the time, the remaining ones form distinct pat-
terns which appear with a marked rhythm. The form
of the pseudo-periodic attractor is stable as can be ap-
preciated by comparing both figures. This result is
not directly implied in the constraints used for per-
forming the evolutionary search, which condition only
the shape of the autocorrelation.

The autocorrelation function is shown in figure 4,
together with the target autocorrelation, the range of
which goes from k& = 0 to k = 31 (dashed line). This
function has been calculated by averaging over 10000
steps corresponding to 10 different runs starting from
different random initial conditions. It shows a clear,
though wide, peak around k = 16.

Further evidence of the rhythmic behaviour of this
network can be obtained by calculating the power spec-
trum (using Fast Fourier Transform) for each node in
the network. This is shown in figure 5 where the N
spectra have been averaged to give an idea of the be-
haviour of the whole. There is a marked peak corre-
sponding to a frequency near 1/P = 0.0625.

Figure 6 presents a histogram showing the percent-
age of recurrence of individual states corresponding to
the same network, again over a 10000-step run. States
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Figure 6: Histogram of states corresponding to the run
shown in figure 3. States are labeled by using the inte-
ger number that they encode as a binary string. Only
about 12 states recur with a frequency greater than

1%.

are identified using the integer number that they en-
code as binary strings. The number of states that re-
cur in the attractor with a frequency greater than 1%
is about 12.

The rhythmic behaviour of an evolved ARBN with
N =32, K =2, and P = 32 is shown in figure 7, and
the corresponding autocorrelation in figure 8 where a
more defined peak around P can be observed.

Finally, one interesting observation we have gath-
ered from all the cases tested so far is that all the
evolved pseudo-periodic ARBNs behave as strictly pe-
riodic if they are updated synchronously with periods
corresponding to the evolved pseudo-periods. We do
not know how generalised is this observation.

Conclusion

It has been shown that, although they cannot repro-
duce strictly cyclic behaviour, ARBNs need not be dis-
carded a priori as possible models of rhythmic phe-
nomena since they may be able to capture many fea-
tures of interest of such phenomena. Few people would
hesitate in calling a natural system ‘rhythmic’, or even
‘periodic’, if its behaviour exhibited a power spectrum
such as the one shown in figure 5.

Precisely because they do not incorporate synchrony
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Figure 7: Asynchronous evolution of evolved ARBN
with N =32, K = 2, and a target period P = 32, for
1000 time steps.
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Figure 8: Autocorrelation for ARBN corresponding to
figure 7, averaged over 10000 consecutive states. The
dashed line shows the target autocorrelation.

by default, ARBNs, and similar asynchronous systems,
may constitute quite strong models if they are able
show spontaneous rhythmic behaviour as compared
with models using built-in synchrony from the start.

It is possible to provide simple ways for recognizing
pseudo-periodicity, and use them to guide an evolu-
tionary search process to find examples. Probably a
variety of search processes could have worked equally
well or better for this task, but success using a genetic
algorithm is suggestive of ways natural selection could
have acted on natural systems with analogous proper-
ties, if rhythmic or coordinated behaviour happened to
be of some functional value.

Before drawing conclusions about the relatively mi-
nor success in evolving ARBNs with other pseudo-
periods or values of N, it may be necessary to un-
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derstand better the evolutionary task itself, and check
whether the choices for encoding and mutation rates
could not be improved. As it stands, the evolutionary
landscape exhibits a high degree of neutrality (there
are many ways of producing functionally equivalent
ARBNs), and choice of search parameters would per-
haps need some re-consideration in view of this fact.

As briefly mentioned, our definition of pseudo-
periodicity relies on similarity between states using a
correlation measure. Such similarity need not corre-
spond to significant similarity in the context of a nat-
ural system. It is easy to think of many (not necessar-
ily pathological) cases in which alterations to the strict
order of single events may produce radically different
results. In those cases, our definition does not work,
and it is an open question whether others would. Two
speculative solutions could perhaps be of some use in
such cases. One is the utilization of weighted corre-
lation as a measure of similarity. If it is functionally
important that certain states recur pseudo-periodically
more reliably than others, then they could be assigned
a higher weight in the calculation of correlations. The
other possible solution is the use of single element auto-
correlation on which stricter statistical demands could
be made on particular nodes (like less variability in
pseudo-period) if it were necessary. It is not clear yet
whether these solutions would work in general.

Finally, we have also mentioned that the impossi-
bility of reproducing strictly cyclic behaviour depends
on the use standard random updating. Other schemes
which guarantee that all nodes be updated in a same
time step admit some cases of strict cycles. This is
not important in itself, but should warn us that these
latter forms of updating are perhaps as artificial as syn-
chronous updating, and should not constitute a default
choice for the modeller either. Observations like this
one open the question of which is the most adequate
way of defining the passage of time in a way that ac-
cords naturally with the type of systems involved. In
this work, a time index has been defined in a intuitive
manner in accordance to the size of the system so as
to simulate statistically parallel (uniform time delays)
and independent updating for all nodes. We believe
that such a choice is appropriate since we did not rely
heavily upon it to define pseudo-periodicity (variabil-
ity in the pseudo-period is allowed to be large). It
remains an open issue whether other, ‘more physical’
time indexes, appropriate for the particular systems in
question, could be defined.
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